The selection of the design parameters of passive vibration absorbers attached to a long cantilevered beam is studied. This study was motivated by the need for conducting parametric analysis of dynamics and control for Space Shuttle-attached long beams. An optimization scheme using a quadratic cost function is introduced yielding the optimal suing of the tip vibration absorber. Analytical solutions for an optimal absorber are presented for the case of one beam vibrational mode coupled with the absorber dynamics. N recent years, passive damping has been of growing I interest to the space vehicle designer because it has proven success and reliability in many other areas such as ground vehicle design. Although the investigation of optimal tuning for a vibration absorber has received attention for many years,'-3 solutions are not available for models of practical systems with multiple modes and damper dynamics included. This paper presents a technique for formulating expressions of the optimal tuning law for an elastic system including a truss beam and a tip vibration absorber.
N recent years, passive damping has been of growing I interest to the space vehicle designer because it has proven success and reliability in many other areas such as ground vehicle design. Although the investigation of optimal tuning for a vibration absorber has received attention for many years,'-3 solutions are not available for models of practical systems with multiple modes and damper dynamics included. This paper presents a technique for formulating expressions of the optimal tuning law for an elastic system including a truss beam and a tip vibration absorber.
All tuning problems are simple optimization problems in which it is desirable to minimize an error criterion by selection of parameters in a model. For example, the error criterion can be the resonant peak of the deflection excited by a sinusoidal input for a two-dimensional system as shown in Refs. 2 and 3. The objective of the absorber design then is to bring the resonant amplitude down to its lowest possible value. Missing from the approach in Refs. 2 and 3, however, is the appropriate integration of the passive and active control techniques. In addition, the derivation of an optimal tuning algorithm for elastic systems with multiple modes is complex. In contrast, this paper will derive an optimal tuning absorber based on the principle of least-squares which has been used extensively in an active controller design.
Because of the numerical complexity of finite element models for truss structures, the analysis of this paper is carried out on the basis of a simple model. This m0de1~3~ is described by a set of partial differential equations with equivalent structural parameters such as mass density, bending rigidity, etc. The dynamical models based on this equivalent parameter approach appear to be very tractable since the functional dependence between the performance and the model parameters can be estimated to conduct parametric analyses. To illustrate the concept in this paper, a reduced model with only two degrees of freedom is studied in detail. The method produces results for free vibrations that are in good agreement with observations from other investigator^.^.^ Since solutions are formulated in terms of analytical expressions, the decision to size the absorber does not require guesswork and/or engineering these results may not be accurate for the case of a single mode, but they may suffice and Provide at least a strong basis for the first step in the design iteration loop. The sizing of the vibration absorber for a system with multiple modes is discussed. This paper is based on an optimal control theory that has been applied extensively in the control community. The approach proposed here could be interpreted as a passive control analysis although it also could be implemented as an active controller if appropriate sensors and actuators are chosen and located, and their dynamics properly formulated. The physical performance limits for a particular size of the passive absorber are presented.
where +,(x) are known shape functions of the spatial coordinates linearly independent over the domain 0 I x I I , q , ( t ) are unknown functions of time t, and n is a selected integer. Hence the variation of the bending displacement has the form Introduction of Eq. (9) into the variational principle [Eq. (6)] leads to
Formulations
Consider a system, as shown in Fig. 1, which General Concept of the Optimal Design for a Vibration Absorber In adding the absorber characterized by the control mass m,, damping coefficient c,, and spring constant k, (see Fig.  l ), the objective is to bring the tip deflection (and/or velocity) envelope for a given initial condition to its lowest possible value. Thus we are in a position to define a cost function related to the tip deflection (and/or velocity) by which a procedure can be developed to obtain an optimal design of the absorber. One well-known technique is the least-squares error method 6 which seeks to minimize the integral of the squared tip deflection, i.e., Discretization techniques such as finite differences, finite (16) and the RaY1eigh-Ritz method are appropriate to y, has been discretized by a series expansion as shown in Eq.
(8).
extract the characteristics of a system. Employed in this analysis is the Rayleigh-Ritz method which is based on selection of a family of shape functions satisfying geometric boundary conditions of the problem. 
is given as6 
where tr(*) means the trace of the matrix *. The cost function becomes E( J) and the criterion stated above applies.
Optimal Design of a Vibration Absorber with Single Mode Shape of the Beam
To illustrate the design concepts described previously, consider the case where only one admissible mode shape for a cantilever beam is used to discretize the system (see Fig. 1 ).
For this case, analytical solutions of the Lyapunov solution, P in Eq. (23), are given in the Appendix.
Let us consider two cases for the optimal design with different initial conditions which are generally encountered in real systems. 
and the cost function (30) then can be written as
where M,, C,, and K, are subspaces which restrict m,, c,,
and k , to lie on a practical region, such that
for every E S. J has an absolute minimum at pb. The value
is the minimum of J on S. With this background a criterion thus can be established relating the minimum value J(Pb) to the optimal tuning of a vibration absorber characterized by m,, c,, and k,.
The optimal design of a vibration absorber in a given realistic domain S = (M,, C,, K,) will be defined at the point where the absolute minimum of the optimal cost function as shown in Eq. (21) occurs.
If the initial state zo of the system cannot be known exactly, we may consider the initial state as a random variable with the second-order moment matrix.6.* (35) is also identical to that in Refs. 2 and 3 with slight differences in coefficients. Figure 2 illustrates the design curve of damping constants required for most optimal operation of the vibration absorber. For an absorber with pc < 0.5, the damping c,/c, increases rapidly with increasing absorber mass. The peak value of c,/c,=O.193 occurs at p,=O.5. Figure 3 shows the optimal tuning results for the frequency ratio f of each absorber. For a very small absorber mass ( p , = 0), the vibration absorber frequency is about the same 
E( zozgT)
which is called the static normalized cost function. Equation (44) The same procedure applied to this case for zero slope gives 
For pt = 0 (no tip mass), Searching a minimum can be made by using the globally convergent extension of the damped Newton method as presented in Ref. 10. Several cases have been examined. For the case of free vibration where the initial condition is dominated by the first mode, the absorber sizing is determined primarily by the first mode no matter how many modes are included in the system. Although all of the test results are consistent with engineering intuition, more studies should be made for the numerical implementation of this technique.
concluding Remarks
The main formula shown herein relates the beam parameters to the sue of the tip absorber and constitutes the basis for the optimal design of an absorber and evaluation of its performance. The optimization algorithm is based on the principle of least-squares that minimizes a quadratic cost function of the tip deflection over the parameters of tip absorber. Analytical expressions describing the change in frequency and damping for the single mode cwe are established yielding insight into &e design picture. The attractiveness of these expressions is that they are in good agreement with expressions derived by other investigators with completely different approaches and force inputs.
The design of passive damping devices depends essentially on system parameters, and strongly on the type of inputs when the ratio of the mass of the device to that of the beam becomes significantly large. Note that large mass ratios cause difficulties in maneuvering the structure. From various cases studied thus far it appears that damping augmentation by an absorber with a reasonable mass ratio in a structure can be successfully tuned by the present theory with a decay rate of lo%, or even 20%, far the dominant mode. However, noncolocated active control and/or distributed passive control may be necessary when multiple system modes are likely to be excited by disturbances or when strict initial conditions require prohibitively large mass ratio for the sizing of an absorber.
